Abstract-Protection of children from vaccine-preventable diseases, such as measles, is among primary goal for health workers. Since vaccination has turned out to be the most effective method against childhood diseases, developing a framework that would predict an optimal vaccine coverage level needed to control the spread of these diseases is important and essential. In this project, the use of a population with variable size to provide this framework was adopted. It majorly relied on a compartmental model expressed by a set of ordinary (O.D.E) and partial differential equations (P.D.E) based on the dynamics of measles infections. The mathematical model equations, the mathematical analysis and the numerical simulations that followed served to reveal quantitatively as well as qualitatively the consequences of the mathematical modeling on measles vaccination. The numerical and qualitative analyses of the model were performed and different state variables were determined. Qualitative results show that the model has the disease-free equilibrium which is locally asymptotically stable for R O <1 and unstable for R O >1. Simulation of different epidemiological classes revealed that most of the individuals undergoing treatment join the recovered class.
INTRODUCTION

HE Measles virus is a paramyxovirus, genus
Morbillivirus. Measles is an infectious disease highly contageneous respiratory disease through person-toperson transmission mode, with > 95% secondary attack rates among susceptible persons. It is the first and worst eruptive fever occurring during childhood. It produces also a characteristic red rash and can lead to serious and fatal complications including pneumonia, diarrheal and encephalitis. Many infected children subsequently suffer blindness, deafness or impaired vision. Measles confer lifelong immunity from further attacks [Murray, 2003] .
The latest measles outbreaks in the U.S. in January 1 st to August 24 th 2013 in the MMWR of September 13 th , 2013
reported that during the first eight months of 2013, 159 people in the U.S. were reported to have measles. Also in 2011 MMWR of April 20, 2012 reported that 222 people had contacted measles and many more cases in other parts of the world. The motivation of this research was to find a model that would help predict the ways of containing measles outbreaks. Worldwide; measles vaccination has been very effective, prevented by MMR (measles, mumps and rubella) vaccine. In the last decade before the vaccine program an estimated 3-4 million people were infected yearly, of who 4000-5000 died, 48000 hospitalized and 1000 developed chronic disability from measles encephalitis. Although global incidence has been significantly reduced through vaccination, measles remains a public health problem. Since vaccination coverage is not uniformly high in Kenya, measles stands as the leading vaccine-preventable killer of many children in Africa; measles is estimated to have caused 614 000 global deaths annually in 2002, with more than half of measles deaths occur in sub-Saharan Africa, as given by WHO (2006) ,and Grais et al., (2006) .
The objectives of this research are to find threshold conditions that determine whether an infectious disease will spread or will die out into a population remains one of the fundamental questions of epidemiological modeling. For this purpose, there exists a key epidemiological quantity R 0 , the basic reproductive ratio. R 0 is the number of secondary cases that result from a single infectious individual in an entirely susceptible population. Introduced by Ross in (1909) by Hethcote (2000) , the current usage of R 0 is the following: if R 0 < 1, the modeled disease dies out, and if R 0 > 1, the disease spreads in the population. Reproductive ratios turned out to be an important factor in determining targets for vaccination coverage. In mathematical models, the reproductive number R 0 is determined by the dominant eigenvalue of the Jacobian matrix at the infection-free equilibrium for models in a finitedimensional space.
The contributions of this manuscript are: a)to show that the spread of a disease largely depend on the contact rate, therefore, the National Measles Control Programme should emphasize on the improvement in early detection of measles cases so that the disease transmission can be minimized. b) To attain herd immunity level of 93.75% for the disease, mass vaccination exercise should be encouraged to cover the majority of the population whenever there is an outbreak of the disease in Kisii County, Kenya. Previous models have not objectively incorporated measles surveillance data and instead relied on vaccination coverage data as the primary indicator of local disease burden. Consequently, these models could neither consistently capture the effects of large outbreaks on measles mortality where high vaccination coverage was not reported, nor show periods of low mortality between outbreaks when low vaccination coverage was reported. To assess progress towards the 2010 global measles mortality reduction goal, we developed a new model that, unlike previous models, uses surveillance data objectively to estimate both incidence and the age distribution of cases, accounts for herd immunity, and uses robust statistical methods to estimate uncertainty.
II. RELATED WORKS/LITERATURE SURVEY
By 2011, all 194 WHO Member States had introduced or begun the process of introducing a two-dose measles vaccination strategy delivered through routine immunization services and/or SIAs. According to WHO and UNICEF estimates, global routine coverage with a first dose of measles vaccine (MCV1) increased from 72% in 2000 to 85% in 2010 [WHO/UNICEF Measles Elimination, 2010]. During this same period, coverage increased from 58% to 78% in the 47 countries with the highest burden of measles. By the end of 2010, the routine immunization schedules of 139 countries included two doses of measles-containing vaccine (MCV), and in 2011, GAVI supported 11 more countries to introduce a routine second dose of measles (MCV2). The timing of MCV2 serves as an important contact between the child and the Expanded Programme on Immunization (EPI) because it provides an opportunity to catch up on any missed vaccinations and deliver boosters, e.g. Diphtheria-TetanusPertussis (DTP) vaccine to older age groups.
Overwhelming evidence demonstrates the benefit of providing universal access to measles and rubella-containing vaccines. Globally, an estimated 535 000 children died of measles in 2000. By 2010, the global push to improve vaccine coverage resulted in a 74% reduction in deaths. These efforts, supported by the Measles and Rubella Initiative, contributed 23% of the overall decline in underfive deaths between 1990 and 2008 and are driving progress towards meeting Millennium Development Goal 4 (MDG4) Measles and Rubella strategic plan 2012-2020.
In the year 2000, the World Health Organization (WHO) estimated that 535 000 children died of measles, the majority in developing countries, and this burden accounted for 5% of all under five mortality, levels & trends in child mortality report 2011. In some developing countries, case-fatality rates for measles among young children may still 
III. METHODS/DISCUSSION
In this problem a deterministic, compartmental, mathematical model is used to describe the transmission dynamics of measles as by Hethcote & Waltman (1973 , 1989 and 2000 . The population is homogeneously mixing and reflects the demography of a typical developing country like Kenya, as it experiments an exponential increasing dynamics. Compartments with labels such as S, E, I, and R are often used for the epidemiological classes. As most mothers has been infected, IgG antibodies transferred across the placenta, to newborn infants give them temporary passive immunity to measles' infection [Hethcote, 1989] . The model equation is kept simple: a deterministic, compartmental, mathematical model is formulated to describe the transmission dynamics of measles. The progression of measles within the total population can be simplified to four differential equations. These four equations represent four different groups of people: the Susceptibles, the Exposed, the Infectives, and the Recovered. The Susceptibles (represented by -S‖) are people that have never come into contact with measles, the Exposed (represented by -E‖) are people who have come into contact with the disease but are not yet infectives, the Infectives (represented by -I‖) are people who have become infected with measles and are able to transmit the disease, and the Recovered represented by R are people who have recovered from the disease. Note that S+E+I+R=N, where N being the total population is constant. In all, the assumption is that the population is a value somewhere between zero and N, with N meaning the population is at full capacity. It is further assumed that all individuals are equally likely to be infected by the infectious individuals in a case of contact except those who are immune. The undetected or late detected infectious individuals are the ones contributing to disease transmission and spread. Those detected are isolated to the hospital for immediate treatment and education. It is further assumed that those recovered become immune and they get some form of education about the transmission of the measles. The transmission of the measles within the compartment is negligible. It's further assumed that there is no treatment failure in the compartment, therefore a patient will either recover or dies. The model is as follows: Let b be the Birth rate (new-born or immigrants or recruitment rate), μ be the natural mortality/death rate or emigrants, β be the rate (force) of infection per unit time , λ is rate at which an infected individual becomes infectious per unit time, α is the rate at which an infectious individual recovered per unit time. The number of susceptibles at time, t E(t)
The number of Exposed at time, t I(t)
The number of Infected at time, t R(t)
The number of Removed at time, t The differential equations for this model are;
= bN-βS -µS
=0, and N=S+E+I+R is thus constant.
Properties of the SEIR Model Equations
The basic properties of the of the model equations 1-4 are feasible solutions and positivity of solutions. The feasible solution shows the region in which the solution of the equations are biologically meaningful and the positivity of the solutions describes the non-negativity of the solutions of the equations 1-4.
Feasible Solution
The feasible solution set which is positively invariant set of the model is given by, Ø= S, E, I, R ∈ R: S + E + I + R = N ≤ R + 4
From the Model Equations 1-4 it will be shown that the region is positively invariant. Considering the steps below from the Model equations, the total population of individuals is given by N=S+E+I+R. Therefore adding the differential equations 1-4, the results becomes = + N
IV. SEIR MODEL WITH VACCINATION
In Kenya, vaccination against measles consists of one dose of standard titer Schwarz vaccine given to infants after early age. Nevertheless, during epidemics an early two-dose strategy is implemented: at different times, as given by Kaninda et al., (1998) and Grais et al., (2006) . Before these times, suppose that children gain protection from the maternal antibodies. Taking into account this schedule of p vaccination, the differential equations for this deterministic model are as follows from figure 1:
= βS − (σ + μ)E
= σE − (γ + μ + δ)I
= bpN+ γI -μR From equation 2, =βS -(µ+ ) ≥ −(µ + )E Therefore =−(µ + )E On integrating both sides gives Ln E(t)≥ −(µ + )t + C ,at t=0 we have E(t)≥E(0)e -(µ+ ) ≥0, since =(µ + )>0.
From equation 3 = -(γ+µ+ )I≥-(γ+µ+ )I
Hence I(t)≥I(0)e -(γ+µ+ ᵟ ) since (γ+µ+ )>0 From equation 4, is obtained =bpN+γI+µR Which has integrating factor I(t)=e µt hence its solution is R(t)=γ +Ce -µt at t=0 we get R(t)= γ +R(0)e -µt ≥0 since µ>0.
Existence of Steady States of the System
The equilibrium points of the system can be obtained by equating the rate of changes to zero.
Global Asymptotic Stability of the Model
In proving the global stability of the SEIR Model, there is need to find the equilibrium points of the system 5-8. If the system is set to zero, will give
βS -( + )E=0
bpN+γI-µR=0 
Since the birth rate is equal to death rate i.e. b=µ Thus
Realizing that given E=0 from 13 S=1 and from 14 and 12 I=0 and R=0. Thus the disease free equilibrium Z 0 is Z 0 =(1,0,0,0) Consider S from equation 13 and E from equation 17 i.e. The local stability may be determined from eigenvalues of the Jacobianmatrix of the model equations (5) - (8) .The Jacobian of Equations (5-8) 
Initial Conditions
The mathematical formulation of the epidemic is completed given the initial conditions:
In absence of infection E * = I * = 0, the Jacobian of (5-8 
The eigenvalues at the disease "free equilibrium" are given by {-μ, -(μ + λ),-(μ + α), -μ}. All the eigenvalues being negative means that the disease-free equilibrium is asymptotically stable. The basic reproductive number R 0 can be computed by R 0 ×S*=1, Therefore, Ro =, where (μ + α) (μ + λ) ≠ 0 This means the transmission rate, i.e., the rate at which exposed become infected and the contact rate, that is the average number of effective contacts with other (susceptible) individuals per infective per unit time relative to the rate at which an infectious individuals recovered per unit time play an important role in determining whether or not an epidemic will occur. Hence the disease free equilibrium (1, 0, 0, 0) is locally asymptotically stable provided that Ro < 1, that is, λ β < (μ+α)(μ+λ).Where as if Ro> 1, then the disease free equilibrium is unstable, that is the system is said to be uniformly persistent, in other words the disease is endemic. Thus, Ro is a threshold parameter for the model. As λ 1 and λ 2 are negative, it remains to prove that λ 3 and λ 4 , the roots of the quadratic part of that characteristic polynomial of J * are both negative. Using Routh-Hurwitz theorem, it is the case when From the equations initial value problems IVP equations (9) -(12) the solutions S (t), E (t), I (t), R (t) and the combined graph of both the four are displayed graphically in figures 2.0-6.0. Figure 1 .0 is the diagram showing the dynamics of the susceptible population.
Analysis of the Simulations
The Susceptible population decreases as time increases. This decrease may be possibly because of the high rate of recovery due to mass vaccination, since individuals become permanently immune upon recovery. The contact rate also has large impact on the spread of a disease through a population. The higher the rates of contact, the more rapid the spread of the disease, it is also observed that as the contact rate decreases, the fraction of individuals infected decreases at a faster rate as would be expected logically.
In figure 2 .0 it can be observed that as the rate increases, the population of exposed individuals shows some rapid decrease after the earlier intervals of rise. The decrease in the exposed population could be due to early detection and also possibly due to those who enter the infective class. This decrease could also be due to the education about the measles transmission, very few individuals are coming out as infected individuals. Also the dynamics of the exposed population depend on the contact number.
In figure 3 .0, it is realized that the population of infected individuals at the very beginning rise sharply as the rate increases and then fall uniformly as time increases. This rapid decline of the infected individuals may be due to early detection of the measles and partly due to those who revert to the Exposed class. This graph also demonstrates that the contact rate has large impact on the spread of the disease through population. If the contact rate is observed to be high then the rate of infection of the disease will also be high as would be expected logically. However, there exists another parameter to consider as more individuals are infected with the disease and I(t) grows, as some individuals are leaving the infected class by being cured and joining the recovered class.
In figure 4 .0, it is realized that the number of people recovering increases steadily as rate increases.
This may be due to early detection of the disease as well as education about the measles transmission. It can also be observed that the population of the recovered individuals rise up steadily for some number of years and then drops and remains nearly a constant. This could be due to the greater number of infectious individuals who have been treated and also acquired education about the measles transmission.
VIII. CONCLUSION AND FUTURE WORK
The conclusion and recommendations are offered to stakeholders, the Kenyan central government, public health agencies health care providers and the Kisii county government to enable them determine how best to allocate scarce resources for measles prevention and treatment in the country. He is currently a lecturer at theJomo Kenyatta University ofAgriculture and Technology, Kenya responsible for carrying out teaching and research duties. He plays a key role in the implementation of University research projects and involved in its publication. He was an exams officer September-November 2013. He has published 4 papersin applied mathematics in respected journals. He is also involved in Supervision of postgraduate students
